THE 341 EINSTEIN EQUATIONS

These notes rework the calculation of the 341 equations as presented in Kinematics and Dy-
namics of General Relativity, by J. W. York, Jr., which itself is contained in the volume Sources of
Gravitational Radiation, edited by L. Smarr. Many calculational details omitted from that source
are included here.

1) Foliations and Normals

As before, we consider a spacetime M with metric g,, which is sliced into a foliation {3} defined
by the isosurfaces of a scalar field 7 (the time parameter). Then the spacelike hypersurfaces are,
at least locally, described by a closed one-form (dual vector field), Q,:

Qu = VT, (1)
Note that since €2, is the gradient of a scalar function, and V, is torsion-free, we have
Vi) = V[ V7 =0. (2)
The norm of €2, is given by
9 = —a”?, (3)

where « is the lapse function, as previously. Thus we can construct the unit-norm dual-vector field,
Ng, Via
ng = —afdy, = —aV,1, (4)

where the sign is chosen so that the associated unit-norm, hypersurface-orthogonal vector field, n®,
nt = gabnb ) (5)

is future-directed. Note that we can view n® as the 4-velocity field of a congruence of observers
moving orthogonally to the slices (not necessarily coordinate-stationary). Such observers will have
a 4-acceleration, a® given by

a® = n*Vanb. (6)

2) The Projection Tensor and the Spatial Metric

In the derivation of the 341 form of the Einstein equations, we will necessarily be interested in
decomposing various spacetime tensors into hypersurface-tangential (“spatial”) and hypersurface-
orthogonal (“temporal”) pieces. Determining the “temporal” part of a tensor is straightforward, we
simply contract with n®. York throws in a slight twist by introducing a relative minus depending
on whether a vector or covector index is being projected. Thus, for a vector field, W, we define

W = _—Wan,, (7)

and, in general, any upstairs n index denotes that the original tensor index has been contracted
with —n,. On the other hand, for a dual vector field, W,, we define

Wi = —I—Wana, (8)



and then any downstairs n index denotes contraction with +n®. To determine the spatial parts of
tensors, it is convenient to introduce the notion of a projection tensor which, as the name suggests,
projects tensors onto the hypersurface. The mixed form of this two-rank tensor is denoted 1% and
is defined by

1% = 6% +n"ny. (9)

Note the relative “+” between the identity tensor and n®n; which follows from the Lorenztian
signature on spacetime. By construction, we have

Ln® =1%n’ = (0% 4+nny)n’ =n*—n*=0, (10)

where we have also introduced the notation that a L with no indices, operating on an arbitrary
tensor expression, means apply the projection tensor to very free tensor index in the expression.
Thus, for example

LS. =1% 1% 17.5%;. (11)

Any tensor which has had all its free indices projected in this manner is called a spatial tensor. It
is worth emphasizing the rather obvious point that L applied to any tensor expression of the form
“tensor product of n® (or n,) and something else”, vanishes. We will use this fact many times in
the following.

If we apply the projection tensor to the spacetime metric gq itself (which is clearly the same
thing as lowering an index on the projection tensor) we get the (spatial) metric, v4, on the hyper-
surfaces:

Yab = Gab + Nalp - (12)

Similarly, the contravariant form of the spatial metric is given by

,Yab — gacgbd,ycd — gab + nanb ) (13)

Note that all tensor indices continue to be raised and lowered with the spacetime metric, g,p, and
that v, and v* are not inverses. (In fact, of course, the mixed form, 7%, of the spatial metric is
just the projection tensor L%,.) We also have

Trl=1%=0%+n"n,=4—1=23. (14)

Note also, however, that spatial tensors can equally well have their indices raised and lowered with
Yab-

3) The Spatial Derivative Operator and Curvature Tensor

We can also use the projection tensor to define a natural derivative operator, D,, for spatial

tensors. Formally, we define
D, = 1V,, (15)

so that for a scalar field v, for example, we have
Doy = LVt = L%V, (16)
while for a (spatial) vector field, W¢

DWWt =1V Wb = 1° 15v . we. (17)



The action of D, on an arbitrary spatial tensor is then defined in the obvious fashion. D, is the
natural derivative operator for spatial tensors since it is compatible with the spatial metric, i.e.

Dovpe = LVavoe = LV, (gbc + nan) =1V, (nan) =1 (ncvanb + nbvanc) =0. (18)

D, = 0 follows from an exactly parallel computation, or, more directly, simply by raising indices
(using either metric!) on the above expression.

The intrinsic curvature of the three-dimensional hypersurfaces is given by the Riemann tensor
associated with the spatial metric and is denoted Rape®. It may be defined via its action on an
arbitrary spatial dual-vector, W,:

(Dan - DbDa) Wc = 7zabcd Wd . (19)
Rape? is, of course, a spatial-tensor itself, and hence satisfies
Rabcd n' = 7zabcd nb = 7-\)'abcd nt = 7zabcd ng=20. (20)

In addition, R4pcq has the usual symmetries:

Rabed = R[ab]cd = Rab[cd] ) (21)
R[abc]d =0, (22)

and
Rabed = Redab - (23)

Finally, we can contruct the spatial Ricci tensor, R4, and spatial Ricci scalar, R, in the usual
manner
Rab = Racbc7 (24)

R =R,". (25)

4) The Extrinsic Curvature Tensor

The embedding of the slices in the spacetime is described by the eztrinsic curvature tensor.
Before defining this tensor and discussing its properties, we establish two useful results concerning
derivatives of the normal vector field. The first of these is

LV, =0, (26)
To see this, start from
LVany = (6% +nna)(0% + n%ny) Veng
= Vanp + nanVenp + npn®Vang + nannyn®v.ong
= Vanp +nenVeng (27)
= Vo + ngap, (28)
where we have used
1 1
niVng = ngVen® = §Va (ndnd) = §Va (-1) =0, (29)



to eliminate the last two terms in the second line. We now consider each of the two terms of (27)
in turn. Using (4), we have

Vang = =V (afly) = — (V) Qp —a (V) = = (Vaa) Q — a (V. V1) (30)

so that
V[anb] = —(V[aa) Qb] . (31)

Next, again using (4), we have

nanVen, = a?Q,0° (= (Vea) Qp — a (V)

Il
|
Q
o
=2
3

c) Qa8 — (Vba) Qav (32)

where we have used (2) in going from the second to third line, and (3) in going from the third to
fourth. Thus,
n[ancvcnb] = —(V[ba) Qa] = —i—(V[aa) Qb] , (33)

which, when combined with (31), immediately establishes (26) from (27).
Our second useful preliminary result relates the 4-acceleration a; to the derivative of the lapse
function. Specifically, we have
ap =Dylna. (34)

To see this, we reexpress the right and left hand sides to show that they are indeed equal. On the
one hand we have from (32), and again using (4),

ap = n°Veny = aQ (Vea) Q + a1V, (35)
while on the other we have
Dylna=1%V.Ina = (6% + n‘np) (oflvcoz> = a0 (Vea)Q +a V. (36)
Recalling our first preliminary result (26), we now define the extrinsic curvature tensor, Ku:
Ko = Ky = — LV gy = — LVany. (37)
Using this definition and (28), we have
Vanp = —Kqp — ngap , (38)

which rather explicitly displays the decomposition of the derivative of the normal field into a
hypersurface-tangential piece—the extrinsic curvature, and a hypersurface-orthogonal piece—the
4-acceleration.

A definition of K, which is equivalent to (37) can be made in terms of the Lie derivative along
the normal vector field. Specifically, we have

i 1 1
I‘ab = _§£n7ab - _§ —I—£ngab . (39)



To see this, we note that we have from (37) and (38)
Kap = Kap) = —(V@anp) +ngap) (40)
while £,,74 can be written as

£ = nVevap + Y Van® + Yo Von©

n“Ve (gab + nap) + (geb + 1ens) Van® + (gac + nane) Von©

= n°Ve(nanp) + Vanp + Vipng

= 2 (V(anb) + n(aab)) = 2K, (41)

where we have used (29) (two times) in going from the second line to the third. Also,

£ngab = ncvcgab + gcbvanc + gacvbnc = Vanp + Vyng, = 2V(anb) ) (42)
and then )
Ky = _5 1L £59ab (43)

follows immediately from (37). Finally, we note that since the extrinsic curvature is a spatial tensor,
we of course have
n“Kaeyp =0. (44)

This last result will also be used often in the sequel.
5) The Gauss-Codazzi Equations
We now begin computing projections of the 4-dimensional Riemann curvature tensor, Ruped,

starting with | Rgpeq. To this end, we first consider the 4-dimensional Ricci identity as applied to
a spatial dual-vector, v,:

0" L Raped = L (V" Raped) = L (Reava) = L (Ract"va) = L(VaVevy — VeVawy) (45)
where
n*v, =0. (46)
We have
1V = Vo + nbanCvf + n.nVeoup + ncnenbnfvevf
= V. — nbvacnf + nen®Vevp — ncnbvfaf , (47)
where we have used (6) and
nfVeovp = —v;Vent, (48)
which follows from applying V; to (46). Continuing, we have
1(VyLVey)=DyDovy = 1LV4Veo,+ LV, (ncnevevb — nbvacnf — ncnbvfaf)
= LVaVery — L(Vany)(Veng)o!
= 1V, V.y — KgpK. 0" R (49)
or
1L VyVievp = DgDovp + KgpIScqv® . (50)



Thus we have

L(R%cava) = L (VaVevy — VVaup)

DyD.vy — D:Dquy + K Keqv® — Ko K gqv®

(Racba + KavKca — Kep K gq) v*

(Raved + Kav K ea — Kep K gq) v*

= 0" L Ruped - (51)

or
1 Raped = Raved + KapIca — Kep I g - (52)

We now wish to compute L Rgp.4; applying the Ricci identity to n® and projecting, we have

L Ripeda = L(Rapean”) =L (Racban™)
(VaVeny — VeVany)

(

(

V(K +neap) — V(K + ngap))

Vi Ky — VeKagy + (Vane — Veng)ap)

L (VK — VeKa)

= DyK., —D.Kygy. (53)

L
L
L

where we have used (38) in going from the second to third line and (26) in going from the fourth
to fifth. Relabeling indices, and using the symmetries of Riemann, we have

i Rabcﬁ = DbKac — Daffbc . (54)

Equations (52) and (54) are known as the Gauss-Codazzi equations.

6) The Constraint Equations

We are now nearly ready to derive the constraint equations. We begin by noting that, as is easily
verified, a generic type (0,2) symmetric tensor, 0. = 0(4p) has the following 341 decomposition:

Oap =L Ogp — Zn(a J_O_b)ﬁ + NaNpO i - (55)

We define the following projections of the stress tensor, Ty

p = Thn = Typnn’, (56)
j¢ = LT = — 1 (T%n,), (57)
Sab = J_Tab. (58)

p, 7% and Sy, may be interpreted as the local energy density, momentum density and spatial stress
tensor, respectively, as measured by observers moving orthogonally to the slices.
We now consider

1 Rab = 1 (ngRacbd)
= 1 (rYCdRacbd) -1 (ncndRacbd)
= L(7*“Racba) — L Rasvi - (59)



Now, clearly, by the same argument that allowed us to write (45):
0" L Rabea = L (v*Rapea) » (60)
where v is an arbitrary spatial vector, we have
L (Y*"Racha) = 7" L Racba = 9 L Racha - (61)

Thus we find
L Rap = ¢°* L Rucpa — L Rusbn - (62)

Now using the general 3+1 decomposition formula (55) for a symmetric tensor, we have
Ranvn = L Raavn — 2n(a L Rpyaan + nano Ranan - (63)

Since Rypeq is antisyminetric on its first two or last two indices, the last two terms in the above
decomposition vanish, and we have
L Roavn = Raibn - (64)

Contracting (62) and using this last result, we find
gab 1L Ry =—Ran + gabQCd 1 Racpa - (65)

We can derive another expression for g®® 1 R, by starting from the 3+1 decomposition (55) applied
to R (and slightly rearranged):

L Rap = Rap + 20y L Ry — nanpRig - (66)
Contracting, and using the fact that n* Lv, = 0 for any dual-vector v,, we find
9" LRay = R+ Rii - (67)
Equating (65) and (67) and solving for R, we have
R = —2Rpui + 99 L Rucpa - (68)
Now consider the Einstein field equations
Gap = Rap — %gabR = 811, (69)

and contract both indices with the normal field, n®, to produce what could be called the “purely
temporal” Einstein equation:

1
Gapn®n® = Rypn®n® — §gabnaan = 87T pnn®, (70)
or, using (68) and (56)
1 1 ab cd 1 ab cd
Rin + SR = Raa + 5(—237% + 99" L Racva) = 599" L Racha = 8mp. (71)
But from the first of the Gauss-Codazzi equations (52) we have

90 L Ruepa = 9°°9° (Racba + KapKea — KaaKpe) = R+ K? — K% K®, . (72)



where
K=K, (73)

is the trace of the extrinsic curvature tensor. Thus, we find from (71) and (72)
R+ K? - K%K®, = 167p, (74)

which is known as the Hamiltonian constraint.
We now consider the Einstein equation in the form

1
G = R — §ga”R = 87T, (75)
and contract one index with —n, (recall the convention given by equation (7)):
an an 1 a an
G =R +§nR:87rT . (76)

Projecting the remaining index onto the hypersurface and using the definition (57) of the momentum
density, we have A A A
1G" =1 R"™ =8 LT = 8mj". (77)

Following a development precisely analogous to (61)—(62), we find
L Ry = ¢°' L Ryca — L Raiiic = —9°* L Racdin - (78)
Using the second of the Gauss-Codazzi equations (54), this becomes
L Ry = =9 (Do Kpqg — DK oq) = DK — DKy . (79)
Raising the remaining free index we have (again recalling (7))
LRY™ =1 @G = D,K® - DK . (80)

Thus, we find
DyK® — DK = 8mj°, (81)

which is known as the momentum constraint.

The crucial feature of the constraint equations (74) and (81), is that they involve only spatial
tensors (including spatial derivatives of spatial tensors)—in particular, they do not involve explicit
time derivatives of spatial tensors. Thus, these equations are equations of constraint which must
be satisfied by the fundamental 341 variables, v, and K at all times (i.e. on all slices).



7) Time and Time Derivatives

In this section we establish some results concerning certain vector fields and Lie derivatives
along these vector fields. The idea here is to introduce sufficiently general notions of “time” and
“time derivatives while maintaining a geometric approach.

We first prove two results concerning Lie derivatives along the normal vector field, n®, of spatial
type (0,() tensors (spatial covariant tensors). The first result states that if Sg,4,...q, i a spatial

tensor, so that
n* Sgy..qp =0 1=1,2,---,1, (82)

then £,5g,...q, is also a spatial tensor. Denoting the general type (0,1) spatial tensor by S we can
thus write

L£,8=£,8S. (83)
The proof is straightforward. We have
!
£nSaya, = NVeSapa + Y (Va;n®) Sapevcenay - (84)
i=1
Now contract the jth index with n*:
l
nY £,80.aq, = n9NVeSapa, + Y (Vo) n S, e, - (85)
i=1

when ¢ = j (i.e. when the jth index of Sy, ...c...q, is being corrected. Also, we can use n% Sg,...q, =0
to throw the derivative in the first term onto n%. Thus, we have

n' £,8..qp = —nVenSy . q +nVenhSy . 4 =0, (86)

and since this holds for arbitrary j = 1, .-, we have established (83). Our second result is that if
Sajas--a, 15 spatial, and f is an arbitrary function, then

LrnSaras--ap = [EnSaras—a (87)
Again, the proof is straightforward:
l
EmSaraza; = JNVeSapay + Y Va; (f1) Saycoay
=1

l
= fnVeSapa + Z (Vo [+ f (Vo)) Say ey

=1
l
= f (mvcsal...a, +> (Van9) Sal...c...al>
=1
= f£,.50aya - (88)

Below we will argue that the vector field, N* defined by

N®=an (89)



is a natural orthogonal vector field with which to Lie-differentiate tensors in computing general
time derivatives. This vector field has the important property that

£y L% =0 (90)
which implies that if S is any spatial tensor (not necessarily type (0,1)), then £58 is also spatial:
1 £NS = £xS (91)

To see that (91) follows from (90), note that for a general type (k,l) spatial tensor we have
guazan, oo qa o ge Logek gy day L dy gaca (92)

Now, applying £x to both sides of this expression, and using the Liebnitz rule, we easily see that,
given (90), the only term which survives is the one where the Lie derivative acts on S*142 % . 4

LSOty o= LM 102 e L Ly 1Ty Seee ek, (93)
and this is precisely (91). It remains to show that (90) is true. We have

Env1% = N°V.L1% — L9V .N® + 1% V,N¢

(an®) V. (0% + nnp) — (6% + nnp) Ve (an®) + (0% + nn.) Vy (an)
an®n°Vny + anynVen® — Vi (an®) — npnVe. (an®) + Vi (an®) + n*n.V, (an®)
an®ap + anpa® — anpa® — npn*nVea + ann.Vynt — nVya

= an” (ab —a N (Vya + nbncvca))

= an* (ab — oleboz> =an®(ap — Dylna) =0. (94)

where we have used (9), (89), (29) and (34).
Now, recall that our foliation is defined by a closed one-form (dual-vector field), £,:

Qu=Var. (95)
Since n® = —aQ® and Q%Q, = —a 2, we have
NeQ, =1. (96)

It is this normalization which makes N the natural orthogonal vector field to use in computing “time
derivatives” (i.e. for use in Lie differentiation). However, there is no justification for restricting
attention only to “normal time derivatives” and, in fact, we can and will consider Lie differentiation
along other “time directions”, t*, appropriately normalized via

90, =1, (97)

by adding to N* an arbitrary spatial vector 5 (which is just the shift vector we have previously
discussed):
t* =N+ % = an® + g%, (98)

BN = 0. (99)
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8) The Evolution Equations

In order to derive the 341 evolution equations, we have to compute the projection of one more
piece of the spacetime curvature tensor, namely 1 R,;p:. Starting from the Ricci identity applied
to ng and using (38) and (6), we have

J_Raﬁbﬁ = 1 (nc (vacna — chbna))
= L (nV¢(Epa +npag) —nVy (Keq + neag))
= L(nVeKy + apaa — nVKeo + Viaa)
(100)

Now, since n°K., = 0, we have
—nVyKeqo = VenKe, . (101)

Thus, using this result, adding and subtracting V,n°Kjp., and noting that from (37) we have
— L VanKp. = KKy, we find

L Ry = L(nVeKpy+ VnKeq + VanKpe — VanKpe + apaq + Vipa,)
= 1 (£nK7ab + K, Ky + aqgap + Vbaa) . (102)

Now, using ap = DpIn a, we have
1 (aqap + Vpa,) = L (Da Ina Dylna + Vy (oflvaoz»
= 1 (OFZDaa Dy — a ?Dya Dgav + o1 (VbDaa)>
= o 'DyD,a=a 'D,Dya (103)

(the torsion-free property of D, used in the last step follows directly from the torsion free proerty
of V,.) In addition, using the two preliminary results (82) and (87) from the beginning of this
section we have

1LE.Kp=£,Kp = 0471£Nfﬁyab . (104)

Using (103) and (104), (102) becomes

1 Ruppi = @ L ENKap + Koo K + o ' DDy . (105)

8a) The Evolution Equations for the Spatial Metric

The evolution equations for the spatial metric are essentially identities which follow from the
definition (39) of the extrinsic curvature:

1
I(ab = _§£ngab (106)

However, as discussed above, for full generality, we wish to use Lie-differentiation along the vector
field
t* =N+ 3% =an* + p* (107)

as our “time derivative”. Again using (87), as well as a fundamental property of the Lie derivative
for arbitrary vector fields v® and w®, and arbitrary tensor fields S:

£oiwS = £,8+ £,8, (108)

11



we have

£t7ab = £N7ab + £ﬂ7ab
= O‘£n7ab + £,67ab . (109>
or
LtVabh = =20k 4 + £5%ap - (110)

8b) The Evolution Equations for the Extrinsic Curvature
We first observe that the Einstein equations
1
Gab = Rab - §gabR = 87TTab, (111)

may be contracted to yield
G=—-R=8xT. (112)

Thus, the field equations may be rewritten as
1 1
Ry = 8nT, + §gabR =8 | Ty — §gabT . (113)
Projecting onto the hypersurface, we have
1
J—Rab =8n (J—Tab — i’yabT> . (114)

Now from definitions (56)—(58), as well as our expression (55) for the 341 decomposition of a
general, symmetric, type (0,2) tensor, we find

LTw = Sa = Tap + 21 LTha — nanpTis - (115)
Contracting, we get
or, using (56)
T=5-p. (117)
Thus, (114) becomes
1
LRy =87 (Sab - §7ab (S - p)) (118)
Now, from (62), we have
L Ray = — L Raai + 9 L Racta - (119)

Using (52) and (105), this becomes

_I_Rab = — (04_1£N.[(ab + Kacch + a_lDana> + ng (Rabcd + Kablx"cd — Kadlx"cb)
= —a YENKy — 2K, K% —a 'DyDya + Rap + KKy, . (120)
Equating (118) and (120), and using

EnKy = £t—,3-[(ab = £ K — £/3[&"ab , (121)
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we solve for £,/ to get our evolution equations for the extrinsic curvature:
1
£ Ky = £[3Kyab — D,Dya+ « <Rab + KKy — 2K, K¢ — 87 (Sab — E’yab (S — p))) . (122)

We can derive an alternate version of this evolution equation which involves the “mixed” form, K%,
of the extrinsic curvature, which has been used by several researchers in the past, and which we
will tend to use in the course. We start from

1
a_1£NI(ab — 2K K% — a_lDana +Rap + KKy = 8T (Sab - §7ab (S - p)) ’ (123)

and note that because all of the tensors appearing in this expression are spatial, we can raise indices
with 7% to get:

1
a Iy EN Ky — 2K Ky —a ' DDy + R + KK, = 87 <S“b — 55% + nny (S — p)) . (124)

Now
£le"ab = £N (,YacI(cb)
= I(cb £nyac + ryac£NI(cb
= OCI(chSn’VaC + fyac"ENKbe
= 2aK 4 ,K* + ’yac,ﬁNK'Cb R (125)
SO
YCENKy = ENK + 20K Ky, . (126)
Substituting this result in (124) and using
ENKY = £ K% — £5K%,, (127)
we find
1
£ = £5K% — D*Dya + a (Ra,, + KK + 87 (5 19 (S = p) — s%,)) . (128)
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