1. 3d EOM in 3+1 formalism under CFC approximation and maximal slicing for massive, complex scalar field.

1.1. In any flat coordinate system. Under Maximal slicing condition and conformal flat condition for the spatial metric, the equations of motion reduce to 5 elliptical equations corresponding to the 5 geometric quantities to be calculated, ψ, α and ⃗β.

The maximal slicing condition along with the evolution equation for K̇^i_i and hamiltonian constraint yields a elliptical equation for the lapse α:

(1) ∇^2α = − 2 ψ ⃗∇ψ · ⃗∇α + αψ^4 (K_{ij} K^{ij} + 4π (ρ + S))

The elliptical equation for the conformal factor ψ is obtained from the hamiltonian constraint and has the following functional form:

(2) ∇^2ψ = − ψ^5 8 ( K_{ij} K^{ij} + 16πρ ) When the momentum constraint equations are used to fix the shift vector, ⃗β, a set of 2nd order elliptical equations are obtained: (3) ∇^2β^j = − 1 3 γ̂^{ij} ∂_i ( ⃗∇ · ⃗β ) + αψ^416πJ^j − ∂_i [ ln ( ψ^6 α )] [ γ̂^{ik}∂_kβ^j + γ̂^{jk}∂_kβ^i − 2 3 γ̂^{ij} ( ⃗∇ · ⃗β )]

where γ̂ is the spatial flat metric related to the physical metric through a conformal transformation:

(4) γ^{ij} = ψγ̂^{ij}

and ⃗∇ is the usual flat operator notation. In terms of the flat spatial covariant derivative and the flat metric, it can be identified as:

⃗∇ · ⃗β ≡ D̂_kβ^k (5) ∇^2β^k ≡ γ̂^{ij}D̂_iD̂_j β^k (6) Note that K_{ij} K^{ij} can also be expressed in terms of the flat operators. It ends up being expressed as flat derivatives of the shift vector:

(7) K_{ij} K^{ij} = 1 2α^2 ( γ̂_{kn}γ̂^{ml}D̂_mβ^kD̂_lβ^n + D̂_mβ^lD̂_lβ^m − 2 3 D̂_lβ^lD̂_kβ^k )

As we are interested in studying the strong-field dynamics of gravitationally compact objects with no imposed symmetries, the geometric quantities are functions of all 3 spatial coordinates (we say then that it is a 3d problem). The most convenient, or maybe easier, coordinate system to work with in this case is the cartesian one, since it doesn’t feature any kind of coordinate singularity or similar pathologies.

1

1.2. In cartesian coordinates. The maximal slicing condition equation becomes:

(8) ∂^2α ∂x^2 + ∂^2α ∂y^2 + ∂^2α ∂z^2 = − 2 ψ [ ∂ψ ∂x ∂α ∂x + ∂ψ ∂y ∂α ∂y + ∂ψ ∂z ∂α ∂z ] + αψ^4 ( K_{ij} K^{ij} + 4π (ρ + S) ) on the other hand, the hamiltonian equation yields: (9) ∂^2ψ ∂x^2 + ∂^2ψ ∂y^2 + ∂^2ψ ∂z^2 = − ψ^5 8 ( K_{ij} K^{ij} + 16πρ ) At last the momentum constraint equations gives the 3 shift equations:

∂^2β^x ∂x^2 + ∂^2β^x ∂y^2 + ∂^2β^x ∂z^2 = − 1 3 ∂ ∂x ( ∂β^x ∂x + ∂β^y ∂y + ∂β^z ∂z ) + αψ^4 16πJ^x − ∂ ∂x [ ln ( ψ^6 α )] [ 4 3 ∂β^x ∂x − 2 3 ( ∂β^y ∂y + ∂β^z ∂z )]

− ∂ ∂y [ ln ( ψ^6 α )] [ ∂β^x ∂y + ∂β^y ∂x ] − ∂ ∂z [ ln ( ψ^6 α )] [ ∂β^x ∂z + ∂β^z ∂x ] (10)

∂^2β^y ∂x^2 + ∂^2β^y ∂y^2 + ∂^2β^y ∂z^2 = − 1 3 ∂ ∂y ( ∂β^x ∂x + ∂β^y ∂y + ∂β^z ∂z ) + αψ^4 16πJ^y − ∂ ∂y [ ln ( ψ^6 α )] [ 4 3 ∂β^y ∂y − 2 3 ( ∂β^x ∂x + ∂β^z ∂z )]

− ∂ ∂x [ ln ( ψ^6 α )] [ ∂β^x ∂y + ∂β^y ∂x ] − ∂ ∂z [ ln ( ψ^6 α )] [ ∂β^y ∂z + ∂β^z ∂y ] (11)

∂^2β^z ∂x^2 + ∂^2β^z ∂y^2 + ∂^2β^z ∂z^2 = − 1 3 ∂ ∂z ( ∂β^x ∂x + ∂β^y ∂y + ∂β^z ∂z ) + αψ^4 16πJ^z − ∂ ∂z [ ln ( ψ^6 α )] [ 4 3 ∂β^z ∂z − 2 3 ( ∂β^x ∂x + ∂β^y ∂y )]

− ∂ ∂y [ ln ( ψ^6 α )] [ ∂β^z ∂y + ∂β^y ∂z ] − ∂ ∂x [ ln ( ψ^6 α )] [ ∂β^x ∂z + ∂β^z ∂x ] (12)

and K_{ij} K^{ij} is given by:

K_{ij} K^{ij} = 1 2α^2 [ ( ∂β^x ∂x )_2 + ( ∂β^x ∂y )_2 + ( ∂β^x ∂z )_2 + ( ∂β^y ∂x )_2 + ( ∂β^y ∂y )_2 + ( ∂β^y ∂z )_2

+ ( ∂β^z ∂x )_2 + ( ∂β^z ∂y )_2 + ( ∂β^z ∂z )_2 + ∂ ∂x ( β^x ∂ ∂x + β^y ∂ ∂y + β^z ∂ ∂z ) β^x + ∂ ∂y ( β^x ∂ ∂x + β^y ∂ ∂y + β^z ∂ ∂z ) β^y + ∂ ∂z ( β^x ∂ ∂x + β^y ∂ ∂y + β^z ∂ ∂z ) β^z − 2 3 ( ∂β^x ∂x + ∂β^x ∂x + ∂β^x ∂x )_2 ] (13)

1.3. Scalar field evolution equations and related field densities in ADM formalism. The matter content is described by the scalar field: Φ = ϕ_1 + iϕ_2

(14) where ϕ_1 and ϕ_2 are real-valued. The Lagrangian density associated with this field is given by: L_Φ = − 1 8π (g^{ab}∇_aΦ∇_bΦ^∗ + m^2ΦΦ^∗)

(15)

Extremizing this action with respect to each component of the scalar field, we get the Klein-Gordon equation (16) �ϕ_A − m^2ϕ_A = 0 A = 1, 2 From the point of view of ADM formalism, the Hamiltonian formulation of the dynamics of scalar field is more useful. The conjugate momentum field is defined as

(17) Π̂_A ≡ δ( √ −gL_{ϕA} ) δϕ̇_A or explicitly, for the Klein-Gordon field:

(18) Π̂_A = √ −g 4πα^2 [ ϕ̇_A − β^i∂_iϕ_A ] In terms of these fields, the dynamical equations are given by

∂_tϕ_A = α^2 √ −g Π_A + β^i∂_iϕ_A

(19)

∂_tΠ_A = ∂_i(β^iΠ_A) + ∂_i( √ −gγ^{ij} ∂_j ϕ_A) − √ −gm^2ϕ_A

(20)

where (21) Π_A = 4πΠ̂_A

Since

(22) √ −g ≡ α √ γ the evolution equations for the fields and their conjugate momenta can be rewritten as

∂_tϕ_A = α √ γ Π_A + β^i∂_iϕ_A

(23)

∂_tΠ_A = ∂_i(β^iΠ_A) + ∂_i(α √ γγ^{ij} ∂_j ϕ_A) − α √ γm^2ϕ_A

(24) Extremizing the action with respect to the contravariant metric tensor g^{ab} gives the Einstein equations besides defining the stress-energy tensor in terms of the field Lagrangian:

(25) T_{ab} = −2 δL_Φ δg^{ab}

+ g^{ab}L_Φ

This gives the following stress-energy tensor for the complex scalar field:

(26) T_{ab} = 1 8π [ ∇_aΦ∇_bΦ^∗ + ∇_bΦ∇_aΦ^∗ − g_{ab}(g^{cd}∇_cΦ∇_dΦ^∗ + m^2ΦΦ^∗) ] or in its coordinate basis components explicitly in terms of the field components:

(27) T_{αβ} = 2∑ A=1 1 8π [ ∂_αϕ_A∂_β ϕ_A + ∂_βϕ_A∂_αϕ_A − g_{αβ} (g^{μν} ∂_μϕ_A∂_ν ϕ_A + m^2ϕ^2_A) ]

The stress-energy tensor T_{ab} is a type (0, 2) symmetric tensor. As can be checked, a generic tensor of this type has the following decomposition in the 3+1 formalism:

(28) T_{ab} =⊥ T_{ab} − 2n_{(a} ⊥ T_{b)n̂} + n_an_bT_{n̂n̂} or (29) T_{ab} = S_{ab} − 2J_{(a}n_{b)} + n_an_bρ

where

ρ ≡ T_{n̂n̂} = T_{ab}n^an^b

(30) J_a ≡ ⊥ T_{an̂} =⊥ (T_{ab}n^b)

(31) J^a ≡ ⊥ T^{an̂} = − ⊥ (T^{ab}n_b)

(32) S_{ab} ≡ ⊥ T_{ab}

(33)

It’s worth noticing that from the above J^′s definitions the momentum constraint equations are slightly different from one case to the other:

⊥ G^{an̂} = D_bK^{ab} − D^aK = 8πJ^a

(34) ⊥ G_{an̂} = −D^bK_{ab} + D_aK = 8πJ_a

(35)

In the ADM coordinate system n^a and n_a have components n^μ = (^1_α ; −^{βi}_α ) and n_μ = (−α; 0) respectively. Then the field densities can be expressed in the ADM coordinate system as:

ρ = T_{00} α^2 − 2 β^iT_{0i} α^2 + β^iβ^j T_{ij} α^2

(36)

J_i =

T_{i0} α − T_{ij} β^j α (37) S_{ij} = T_{ij}

(38)

For the complex scalar field, the field densities can be then expressed as:

ρ = 1 8π 2∑ A=1 [ Π^2_A γ + γ^{ij} ∂_iϕ_A∂_j ϕ_A + m^2ϕ^2_A ] (39)

J_i = 1 8π 2∑ A=1 [ 2 Π_A √ γ ∂_iϕ_A ] (40)

S_{ij} = 1 8π 2∑ A=1 { 2∂_iϕ_A∂_j ϕ_A + γ_{ij} [ Π^2_A γ − γ^{pq} ∂_pϕ_A∂_q ϕ_A − m^2ϕ^2_A ]} (41)

as we are also looking for the combined quantity ρ + S, let’s then trace the stress tensor:

S^i_i = 1 8π 2∑ A=1 { 3 Π^2_A γ − γ^{ij} ∂_iϕ_A∂_j ϕ_A + 3m^2ϕ^2_A ] (42)

ρ + S = 1 2π 2∑ A=1 [ Π^2_A γ + m^2ϕ^2_A ] (43)

1.4. Scalar field equations and related field densities in ADM formalism for a conformally flat spatial metric in cartesian coordinates. The conformally flat spatial metric can be written in cartesian coordinates as:

(44)^{(3)}ds^2 = ψ^4(dx^2 + dy^2 + dz^2)

For this metric, the field equations can then be written as:

∂_tϕ_A = α ψ^6

Π_A + β^i∂_iϕ_A

(45)

∂_tΠ_A = ∂_x ( β^xΠ_A + αψ^2∂_xϕ_A ) + ∂_y ( β^y Π_A + αψ^2∂_yϕ_A ) (46) + ∂_z ( β^z Π_A + αψ^2∂_z ϕ_A ) − αψ^6m^2ϕ_A and the field densities as:

ρ = 1 8π 2∑ A=1 [ Π^2_A ψ^{12} + 1 ψ^4 [ (∂_xϕ_A)^2 + (∂_yϕ_A)^2 + (∂_z ϕ_A)^2 ] + m^2ϕ^2_A ] (47)

J_i = 1 8π 2∑ A=1 [ 2 Π_A ψ^6

∂_iϕ_A ] (48)

S_{ij} = 1 8π 2∑ A=1 { 2∂_iϕ_A∂_j ϕ_A + ψ^4δ_{ij} [ Π^2_A ψ^{12}

(49) + 1 ψ^4 [ (∂_xϕ_A)^2 + (∂_yϕ_A)^2 + (∂_zϕ_A)^2 ] − m^2ϕ^2_A ]}

for the combined quantity ρ + S, we have:

S^i_i = 1 8π 2∑ A=1 { 3 Π^2_A ψ^{12} − 1 ψ^4 [ (∂_xϕ_A)^2 + (∂_yϕ_A)^2 + (∂_zϕ_A)^2 ] + 3m^2ϕ^2_A ] (50)

ρ + S = 1 2π 2∑ A=1 [ Π^2_A ψ^{12}

+ m^2ϕ^2_A ] (51)

2. Compactification of the spatial domain Compactification of the spatial domain means to map R into a finite subinterval M ∈ R.

As this subinterval can be remapped in any other finite one, there is no loss of generality if [−1, 1] interval is chosen. Then all that is left is to find a particular function ξ = ξ(x) ∈ C^2 to do this map:

(52) ξ : R −→ [−1, 1]

One possible choice - and the one to be used from now on - is tangent hyperbolic, (53) ξ = tanh(x) It can be easily shown that its inverse and first derivative are:

x(ξ) = ln √ 1 + ξ 1 − ξ

(54) dξ dx = 1 − tanh^2(x) ≡ 1 − ξ^2

(55)

Then the first derivative in u(x) in the compactified coordinates becomes:

(56) du(x) dx = (1 − ξ^2) dū(ξ) dξ as does the second derivative:

(57) d^2u(x) dx^2

= (1 − ξ^2) d dξ [ (1 − ξ^2) dū(ξ) dξ ]

2.1. Discretization. The discrete versions for the above operators are given by:

(58) u_{i+1} − u_{i−1} 2h = (1 − ξ^2_i )

(ū_{i+1} − ū_{i−1}) 2h_c where

(59) h_c = ξ_{max} − ξ_{min} N − 1 = 2 N − 1 and u_{i+1} − 2u_i + u_{i−1} h^2 = (1 − ξ^2_i ) h_c { (1 − ξ^2) dū(ξ) dξ | | |_{i+1/2} − (1 − ξ^2) dū(ξ) dξ | | |_{i−1/2} }

= (1 − ξ^2_i ) h_c {[ 1 − ( ξ_{i+1} + ξ_i 2 )_2] (ū_{i+1} − ū_i) h_c − [ 1 − ( ξ_i + ξ_{i−1} 2 )_2]

(ū_i − ū_{i−1}) h_c } (60)

3. 3d EOM in 3+1 formalism under CFC approximation and maximal slicing for massive, complex scalar field in a spatial compactified domain.

3.1. 3d equations in compactified cartesian coordinates. The maximal slicing condition equation becomes:

(1 − x^2) ∂ ∂x [ (1 − x^2) ∂α ∂x ] + (1 − y^2) ∂ ∂y [ (1 − y^2) ∂α ∂y ] + (1 − z^2) ∂ ∂z [ (1 − z^2) ∂α ∂z ] = − 2 ψ [ (1 − x^2)^2 ∂ψ ∂x ∂α ∂x + (1 − y^2)^2 ∂ψ ∂y ∂α ∂y + (1 − z^2)^2 ∂ψ ∂z ∂α ∂z ]

+αψ^4 ( K_{ij} K^{ij} + 4π (ρ + S) ) (61)

on the other hand, the hamiltonian equation yields: (62)

(1−x^2) ∂ ∂x [ (1 − x^2) ∂ψ ∂x ] +(1−y^2) ∂ ∂y [ (1 − y^2) ∂ψ ∂y ] +(1−z^2) ∂ ∂z [ (1 − z^2) ∂ψ ∂z ] = − ψ^5 8 ( K_{ij} K^{ij} + 16πρ )

At last the momentum constraint equations gives the 3 shift equations:

(1 − x^2) ∂ ∂x [ (1 − x^2)

∂β^x ∂x ] + (1 − y^2) ∂ ∂y [ (1 − y^2)

∂β^x ∂y ] + (1 − z^2) ∂ ∂z [ (1 − z^2)

∂β^x ∂z ] = − 1 3 (1 − x^2) ∂ ∂x ( (1 − x^2)

∂β^x ∂x + (1 − y^2)

∂β^y ∂y + (1 − z^2)

∂β^z ∂z ) + αψ^4 16πJ^x

−(1 − x^2) ∂ ∂x [ ln ( ψ^6 α )] [ 4 3 (1 − x^2)

∂β^x ∂x − 2 3 ( (1 − y^2)

∂β^y ∂y + (1 − z^2)

∂β^z ∂z )]

−(1 − y^2) ∂ ∂y [ ln ( ψ^6 α )] [ (1 − y^2)

∂β^x ∂y + (1 − x^2)

∂β^y ∂x ]

−(1 − z^2) ∂ ∂z [ ln ( ψ^6 α )] [ (1 − z^2)

∂β^x ∂z + (1 − x^2)

∂β^z ∂x ] (63)

(1 − x^2) ∂ ∂x [ (1 − x^2)

∂β^y ∂x ] + (1 − y^2) ∂ ∂y [ (1 − y^2)

∂β^y ∂y ] + (1 − z^2) ∂ ∂z [ (1 − z^2)

∂β^y ∂z ] = − 1 3 (1 − y^2) ∂ ∂y ( (1 − x^2)

∂β^x ∂x + (1 − y^2)

∂β^y ∂y + (1 − z^2)

∂β^z ∂z ) + αψ^4 16πJ^y

−(1 − y^2) ∂ ∂y [ ln ( ψ^6 α )] [ 4 3 (1 − y^2)

∂β^y ∂y − 2 3 ( (1 − x^2)

∂β^x ∂x + (1 − z^2)

∂β^z ∂z )]

−(1 − x^2) ∂ ∂x [ ln ( ψ^6 α )] [ (1 − y^2)

∂β^x ∂y + (1 − x^2)

∂β^y ∂x ]

−(1 − z^2) ∂ ∂z [ ln ( ψ^6 α )] [ (1 − z^2)

∂β^y ∂z + (1 − y^2)

∂β^z ∂y ] (64)

(1 − x^2) ∂ ∂x [ (1 − x^2)

∂β^z ∂x ] + (1 − y^2) ∂ ∂y [ (1 − y^2)

∂β^z ∂y ] + (1 − z^2) ∂ ∂z [ (1 − z^2)

∂β^z ∂z ] = − 1 3 (1 − z^2) ∂ ∂z ( (1 − x^2)

∂β^x ∂x + (1 − y^2)

∂β^y ∂y + (1 − z^2)

∂β^z ∂z ) + αψ^4 16πJ^z

−(1 − z^2) ∂ ∂z [ ln ( ψ^6 α )] [ 4 3 (1 − z^2)

∂β^z ∂z − 2 3 ( (1 − y^2)

∂β^y ∂y + (1 − x^2)

∂β^x ∂x )]

−(1 − y^2) ∂ ∂y [ ln ( ψ^6 α )] [ (1 − y^2)

∂β^z ∂y + (1 − z^2)

∂β^y ∂z ]

−(1 − x^2) ∂ ∂x [ ln ( ψ^6 α )] [ (1 − z^2)

∂β^x ∂z + (1 − x^2)

∂β^z ∂x ] (65)

and K_{ij} K^{ij} is given by:

K_{ij} K^{ij} = 1 2α^2 [ ( (1 − x^2)

∂β^x ∂x )_2 + ( (1 − y^2)

∂β^x ∂y )_2 + ( (1 − z^2)

∂β^x ∂z )_2

+ ( (1 − x^2)

∂β^y ∂x )_2 + ( (1 − y^2)

∂β^y ∂y )_2 + ( (1 − z^2)

∂β^y ∂z )_2

+ ( (1 − x^2)

∂β^z ∂x )_2 + ( (1 − y^2)

∂β^z ∂y )_2 + ( (1 − z^2)

∂β^z ∂z )_2

+ (1 − x^2) ∂ ∂x ( β^x(1 − x^2)

∂β^x ∂x + β^y(1 − y^2)

∂β^x ∂y + β^z(1 − z^2)

∂β^x ∂z )

+ (1 − y^2) ∂ ∂y ( β^x(1 − x^2)

∂β^y ∂x + β^y (1 − y^2)

∂β^y ∂y + β^z (1 − z^2)

∂β^y ∂z )

+ (1 − z^2) ∂ ∂z ( β^x(1 − x^2)

∂β^z ∂x + β^y(1 − y^2)

∂β^z ∂y + β^z (1 − z^2)

∂β^z ∂z )

− 2 3 (1 − x^2)^2 ( ∂β^x ∂x + ∂β^x ∂x + ∂β^x ∂x )_2 ]

On the other hand the scalar field equations as well as the related field densities become:

∂ϕ_A ∂t = α ψ^6

Π_A + β^x(1 − x^2)

∂ϕ_A ∂x + β^y(1 − y^2)

∂ϕ_A ∂y + β^z (1 − z^2)

∂ϕ_A ∂z (66)

∂Π_A ∂t = (1 − x^2) ∂ ∂x ( β^xΠ_A + αψ^2(1 − x^2)

∂ϕ_A ∂x ) (67)

+ (1 − y^2) ∂ ∂y ( β^y Π_A + αψ^2(1 − y^2)

∂ϕ_A ∂y )

+ (1 − z^2) ∂ ∂z ( β^zΠ_A + αψ^2(1 − z^2)

∂ϕ_A ∂z ) − αψ^6m^2ϕ_A

and the field densities as:

ρ = 1 8π 2∑ A=1 { Π^2_A ψ^{12} + 1 ψ^4 [( (1 − x^2)

∂ϕ_A ∂x )_2 + ( (1 − y^2)

∂ϕ_A ∂y )_2 (68)

+ ( (1 − z^2)

∂ϕ_A ∂z )_2]

+ m^2ϕ^2_A }

J_i = 1 8π 2∑ A=1 [ 2 Π_A ψ^6

(1 − x^2_i )

∂ϕ_A ∂x_i ] (69)

S_{ij} = 1 8π 2∑ A=1 { 2(1 − x^2_i )

∂ϕ_A ∂x_i

(1 − x^2_j )

∂ϕ_A ∂x_j

+ ψ^4δ_{ij} [ Π^2_A ψ^{12}

(70)

+ 1 ψ^4 [( (1 − x^2)

∂ϕ_A ∂x )_2 + ( (1 − y^2)

∂ϕ_A ∂y )_2

+ ( (1 − z^2)

∂ϕ_A ∂z )_2]

− m^2ϕ^2_A ]}

for the combined quantity ρ + S, we have:

S^i_i = 1 8π 2∑ A=1 { 3 Π^2_A ψ^{12} − 1 ψ^4 [( (1 − x^2)

∂ϕ_A ∂x )_2 + ( (1 − y^2)

∂ϕ_A ∂y )_2 (71)

+ ( (1 − z^2)

∂ϕ_A ∂z )_2]

+ 3m^2ϕ^2_A }

ρ + S = 1 2π 2∑ A=1 [ Π^2_A ψ^{12}

+ m^2ϕ^2_A ] (72)

Explicitly and according to the projection convention introduced by York, the current densities can be written as:

J^x ≡ −J_x = − 1 8π 2∑ A=1 [ 2 Π_A ψ^6

(1 − x^2)

∂ϕ_A ∂x ] (73)

J^y ≡ −J_y = − 1 8π 2∑ A=1 [ 2 Π_A ψ^6

(1 − y^2)

∂ϕ_A ∂y ] (74)

J^z ≡ −J_z = − 1 8π 2∑ A=1 [ 2 Π_A ψ^6

(1 − z^2)

∂ϕ_A ∂z ] (75)